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with the selected simple micromechanical models, namely, non-interaction approximation, differential
scheme and modiﬁed differential scheme. It is found that, among these models, the differential scheme
provides the best ﬁt of the numerical data.
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The effective elastic properties of a cracks-containing material
are of signiﬁcant interest for both fundamental and applied engi-
neering science and have attracted the attention of specialists in
solid mechanics, materials science and geomechanics for more
than half a century, as discussed in a the comprehensive review
by Kachanov (1992). Small cracks, probably the most common
structural defects in solid materials, signiﬁcantly affect stiffness
and brittle strength. Of particular note, the effective elastic moduli
of a microcracked solid are rather sensitive to the density and
arrangement type of cracks. Therefore, their reliable prediction re-
quires: (a) using a geometrical model that accounts for the param-
eters of an actual micro structure of the cracked solid and (b) an
accurate account of the crack interactions.
This problem is tightly connected to the problem of identiﬁca-
tion of microstructural parameters that represent the individual
cracks in accordance with their contributions to the elastic proper-
ties (see Kachanov and Sevostianov, 2005). Microstructural param-
eter q ¼ V1PiDbi , where b = 2 for the rectilinear cracks and b = 3
for the randomly oriented circular cracks of 2Di in diameter, was
introduced by Bristow (1960) as a scalar crack density in accor-
dance with the fact that the individual crack contributions to the
overall compliance are proportional to Db. For non-random crackll rights reserved.
.orientations, in the works by Hoenig (1977) and Kachanov
(1980), scalar crack density was generalized to 2nd rank crack den-
sity tensor a ¼ V1PiðDbnnÞi, where n is a unit normal to a crack
and nn is the dyadic product, i.e., tensor with components nknl.
The 4th rank tensor V1
P
iðDbnnnnÞi was also identiﬁed as a sec-
ond crack density parameter (in addition to a) and was shown to
play a relatively minor role provided the crack faces are traction-
free. These parameters do not account for interaction between
the cracks, but the individual crack contributions to the overall
elastic properties (as well as to the other physical properties) are,
however, affected by interactions between them. Consider, for
example, an elastic solid with parallel circular cracks of radius D
that are either (a) coplanar or (b) stacked. In case (a), crack contri-
butions to the overall compliance in the normal direction depend
on D being stronger than Db (amplifying interactions); in case (b),
they are weaker than Db (shielding interactions). Strictly speaking,
interactions should be incorporated into the proper microstruc-
tural parameter, since it should correctly reﬂect ‘‘relative weights”
of individual inhomogeneities. The effective property would then
be a linear function of such a parameter. The latter would depend
on mutual position of inhomogeneities and would reﬂect the inter-
action mechanics.
A number of approximate schemes were proposed to account
for interactions between the cracks, among them the self-consis-
tent scheme (Budiansky and O’Connell, 1976; Hoenig, 1977,
1979); the differential scheme (Salganik, 1973; Zimmerman,
1985; Hashin, 1988); the modiﬁed differential scheme (Sayers
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so-called one-particle model being a single crack embedded in an
effective homogeneous medium: the only structure parameter is
a number density of cracks. The problem in the application of
any of these schemes formulated by Hashin (1988) consists in
the uncertainty of their accuracy. Moreover, none of them deﬁne
explicitly an actual microstructure of a cracked solid nor account
for mutual positions of the cracks. The latter problem was
addressed by Kanaun (1980) and Ponte-Castaneda and Willis
(1995). In these papers, however, the orientations of the cracks
cannot be mutually independent since overlapping is prohibited.
As pointed out by Kachanov (1992), its imposition makes the effec-
tive moduli of the microcracked solid softer since crack conﬁgura-
tion of shielded type (like closely located non co-planar parallel
cracks) are excluded. Markov (1998) has shown that the non-inter-
action approximation can be used as an upper bound for effective
elastic moduli, if the crack centers are randomly located. It is, prob-
ably, the only possible bound for microcracked materials since, as
shown by Kachanov (1994), the Hashin–Shtrikman bounds (Hashin
and Shtrikman, 1963) degenerate in the case of cracks.
Thus, the question of accuracy and applicability bounds of a cer-
tain approximate scheme to a microcracked material can be an-
swered by comparison with the data of physical or/and
numerical experiments. During the last decade this problem was
addressed in many papers (e.g., Huang et al., 1996; Shen and Yi,
2000; Orlowsky et al., 2003; Shen and Li, 2004). The problem is still
open, however, as shown by recent ‘‘Comments of the editor” in
the International Journal of Fracture (Kachanov, 2007) followed
by a discussion on applicability of various approximate schemes
to calculation of the effective elastic properties of microcracked
solids (Saenger et al., 2004; Grechka, 2007; Saenger, 2007, among
others).
One promising way to account for the crack orientation statis-
tics is known in composite mechanics as the regularization, or
‘‘representative unit cell” (see, e.g., Golovchan et al., 1993; Drago
and Pindera, 2007) approach. It is based on modeling the structure
of actual non-homogeneous solid by a periodic medium whose
representative unit cell contains a number of inhomogeneities.
This approach appears to be advantageous in that the quasi-ran-
dommicrostructure of such a material, with a prescribed statistical
rule, can be speciﬁed explicitly. Moreover, due to the deterministic
nature of this model, it is possible to formulate and solve the peri-
odic model problem accurately and, thereby, to account for inter-
actions among the inclusions in rigorous manner. This approach
is now widely used in the mechanics of composites; as to cracked
materials, a rather limited number of cell model-related publica-
tions is available in the literature. For a solid containing a periodic
array of rectilinear or penny-shaped cracks, the solutions were ob-
tained by Fil’shtinskii (1974), Nemat-Nasser and Yu (1993), and
Wang (2004), among others. The representative unit cell contain-
ing several cracks, in conjunction with the numerical method,
has been applied to evaluate the elastic constants (e.g., Huang
et al., 1996; Greengard and Helsing, 1998; Helsing and Peters,
1999; Orlowsky et al., 2003) and stress intensity factors (Binienda
et al., 1993; Loehnert and Belychko, 2007) of 2D solids with ran-
domly oriented rectilinear cracks. Kushch and Sangani (2000a,b)
have developed the multipole expansion method to solve for the
local stress and effective moduli of a 3D solid containing randomly
placed parallel penny-shaped cracks; a similar problem was stud-
ied by Grechka (2007) who applied the numerical, ﬁnite-element
method.
In the studies cited above, and other similar works, attention
was mainly paid to two extreme structure types: parallel and ran-
domly oriented cracks. Simple and convenient for theoretical anal-
ysis, these conﬁgurations are not common in real-world materials;
one can rather expect a certain random angular scattering ofcracks. Expectably, the elastic properties of such a solid would fall
between those of solids with the same density of parallel and ran-
dom cracks. The problem of their estimation is of both theoretical
and practical interest. However, to the best knowledge of the
authors, the effect of crack orientation statistics on the effective
stiffness of micro cracked solid has never been studied in the
literature.
In the present paper, we study the effective elastic properties of
a 2D solid containing multiple cracks with prescribed orientation
statistics, with the aid of the representative unit cell approach.
The problem statement eliminates the difference between the
model boundary-value problems formulated in stresses and dis-
placements. The microgeometry of a cracked solid is modeled by
a periodic structure with a unit cell containing several cracks of
equal length with a certain angle distribution; a sufﬁcient number
of cracks is taken to account for the microstructure statistics. To
generate the geometry of a cell model with the prescribed statisti-
cal rule, the random number generator-based algorithm has been
designed. A new, series expansion-based method is developed to
obtain an accurate solution of the model problem. The closed-form
expressions for the components of the effective stiffness tensor
have been obtained by analytical averaging of the strain and stress
ﬁelds. For each combination of structure and loading parameters, a
number of quasi-random structures were generated and the
numerical data obtained by solving the model problem were aver-
aged over a series of random structure realizations. The conver-
gence study has been performed and statistically meaningful
results have been obtained which reveal the way and extent to
which an elastic stiffness of solid is affected by the angular scatter-
ing of cracks2. The model problem
2.1. Geometry
We consider a 2D unit cell model of a cracked solid, four typical
realizations of which are shown in Fig. 1. Speciﬁcally, we study the
material where a set of rectilinear cracks form a periodic micro
structure with the periods a and b along the axes Ox1 and Ox2,
respectively, of the global Cartesian coordinate system. The repre-
sentative unit cell of this material is a rectangle containing a num-
ber N of cracks. Within a cell, cracks can be placed and oriented
arbitrarily but without overlapping other cracks of this or adjacent
cells. At the same time, the cracks can cross the cell boundary: we
consider the crack as belonging to the cell if the center (midpoint)
of crack lies inside it. Thus, geometry of the unit cell is deﬁned by:
(a) its length a and height b and (b) the coordinates (X1q,X2q) of the
center Oq of qth crack, their length 2Dq and by the angle
Hq(jHqj 6 p/2) between the crack and positive direction of Ox1
axis, q = 1,2, . . . ,N. The whole cracked solid is obtained by translat-
ing the cell along two orthogonal directions. Besides the global
Cartesian coordinate system Ox1x2, we introduce the crack-related
local coordinate systems Oqx1qx2q whose origins coincide with the
qth crack’s midpoint whereas the Oqx1q and Oqx2q axes are parallel
to the corresponding axes of the global coordinate system. The glo-
bal z = x1 + ix2 and local zq = x1q + ix2q variables are related by
z = zq + Zq (Zq = X1q + iX2q), see Fig. 2. For our analysis sake, it is con-
venient to use the crack-related elliptic coordinates nq = fq + igq
(q = 1,2, . . . ,N) by the formula (A.1). At the crack surface Sq, we have
fq = 0 whereas gq = 0 and gq = p at the right and left tip of the crack,
respectively.
A model of this kind is sometimes referred to quasi-random: it
involves a number of parameters and is sufﬁciently ﬂexible to sim-
ulate various micro structures, from the regular periodic to com-
pletely disordered one, provided a sufﬁciently large number N of
Fig. 1. Cell model of a cracked solid.
Fig. 2. Global and local coordinate systems.
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deterministic and thus enables application of analytical or numer-
ical methods to study accurately the local and mean stress ﬁelds. A
new analytical method providing an exhaustive analysis of this
class of problems is exposed below.
In the numerical study, in order to reduce the list of parameters
entering the problem statement, the cracks are assumed to be
equally sized: Dq = D. Also, we assume the uniform volume distri-
bution of the cracks, i.e., their spatial coordinates X1q and X2q are
evenly distributed within the line segments (0,a) and (0,b), respec-
tively, whereas the crack angle Hq statistics follows the Lorentz’
type distribution rule, with the cumulative probability function
(CPF) deﬁned byFhðxÞ¼Pðh<xÞ¼12þAk tan
1ðx=kÞ; Ak¼½2tan1ðp=2kÞ1: ð2:1Þ
The disorder parameter k entering (2.1) varies from zero for the
aligned cracks to inﬁnity for the case of completely disordered, or
uniformly random oriented cracks. An effect of k is clearly seen from
Fig. 1, where the random structure realizations are shown with
N = 100 of equally sized cracks and k = 0, 0.1, 0.5 and 10. The corre-
sponding theoretical CPFs for these values of k parameter are shown
in Fig. 3 by the dash-dotted lines. As seen from the plot, k = 10 is
practically indistinguishable from k =1.
To generate the cell model of cracked material with prescribed
crack orientation statistics, the following simple algorithm has
been suggested. On each step, with aid of the random number gen-
erator, a set of three numbers, two of them uniformly distributed
and the third one following the rule (2.1) are obtained and inter-
preted as the prospective spatial and angular position of the next
crack. Then, the condition of non-intersection with already gener-
ated cracks is checked out and, if no interactions were found, a new
crack is added to the set; otherwise, new three random numbers
are generated, etc. The process completes when the prescribed
crack density q = D2N/ab is reached; alternatively, one can ﬁx a
number of cracks and deﬁne the cell side corresponding to a given
crack density. In our numerical experiments, a ¼ b ¼ D ﬃﬃﬃﬃﬃﬃﬃﬃﬃN=qp and
N = 100.
In practice, instead of non-intersecting we require a certain
small distance between the closest points of two cracks dmin to
be preserved because, for the method we apply, the non-intersec-
tion of cracks is a prerequisite and its convergence rate is expected
to slow downwith dmin? 0. Before conducting the systematic sim-
ulations, the thorough convergence study for both effective moduli
and SIFs has been performed, with a particular attention to the
‘‘tough” conﬁgurations (high crack density, crack tips close to an-
other crack, etc.). Based on this study, the nearest crack-to-crack
Fig. 3. Cumulative probability function Fh(x) of the crack orientation statistics.
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between the accuracy of calculated effective stiffness and stability
of the numerical algorithm.
To provide the best agreement between the experimental and
theoretical CPFs, each newly generated model was evaluated and
among several (say, a hundred) realizations we select one with a
set fHqgNq¼1 minimizing the norm
PN
q¼1½Fhðq0:5N Þ Hq2. In Fig. 3,
the solid points represent the computer simulation data, where
each point was obtained by averaging over 20 realizations of the
cell model geometry. As seen from the plot, numerical experiments
give results practically coinciding with the theoretical curves,
which validates the algorithm of micro structure generation. In
the subsequent study, we consider k as a structure parameter gov-
erning the crack orientation statistics and examine its effect on the
elastic behavior of a cracked solid.
2.2. Boundary-value problem
By adopting 2D model, we assume orij/ox3 = 0: within this
framework, the (a) anti-plane shear (in x3-direction) and (b) plane
strain problems are considered. In the ﬁrst case, u3 is the only non-
zero component of the displacement vector
u1 ¼ u2 ¼ 0; u3 ¼ wðx1; x2Þ: ð2:2Þ
Also, we have two non-zero components of the strain and stress
tensors, they are ei3 ¼ 12ow=oxi and ri3 = 2Gei3 = Gow/oxi, i = 1 and
2, respectively, where G is the shear modulus of a solid. The stress
equilibrium equationrr = 0 in this case reduces to the 2D Laplace
equation
or13
ox1
þ or23
ox2
¼ Gr2w ¼ 0: ð2:3Þ
It enables ﬁnding w as w = Reu, where u is an analytical function of
the complex variable z = x1 + ix2.
In the plane strain problem, we have u1 = u1(x1,x2),
u2 = u2(x1,x2), u3 = 0. The complex value displacement u = u1 + iu2
as well as its derivatives (strain and stress tensors) can be
expressed in terms of two complex potentials, u and w (Muskhe-
lishvili, 1953). We write u as
u ¼ ,uþ ðz zÞu0  w; ð2:4Þwhere , ¼ 3 4m and m is the Poisson ratio of a crack-free solid.
Components of the stress tensor are given by
rij
2G
¼ eij þ dij ð3 ,Þ2ð, 1Þ h; h ¼ 2Re
ou
oz
¼ 2ð, 1Þu0: ð2:5Þ
We assume the strain and stress ﬁelds to be macroscopically uni-
form and deﬁned by the constant macroscopic strain tensor compo-
nents eij. Due to the cell-type periodicity of geometry, the
displacement ﬁeld is the quasi-periodic function of coordinates:
wðzþ aÞ wðzÞ ¼ e13a; wðzþ ibÞ wðzÞ ¼ e23b ð2:6Þ
and
uðzþ aÞ  uðzÞ ¼ ðe11 þ ie12Þa; uðzþ ibÞ  uðzÞ
¼ ðe12 þ ie22Þb: ð2:7Þ
In the model, we consider the crack surfaces Sq deﬁned by fq = 0
(q = 1,2, . . . ,N) are traction-free, i.e., we assume the cracks to be
open. This condition can be written in terms of the local elliptic
variables introduced by (A.1) as
G1r  n

fq¼0
¼ ow
o1q

fq¼0
¼ 0; q ¼ 1;2; . . . ;N ð2:8Þ
for the anti-plane shear problem and
Tn
2G
jSq ¼ ðu0 þ w0Þjfq¼0 ¼ 0; q ¼ 1;2; . . . ;N ð2:9Þ
for the in-plane strain problem, where Tn = rff + irfg is the complex
traction.
3. Analytical solution
3.1. Anti-plane shear
Following Golovchan et al. (1993), we use the generalized
superposition principle to write a general solution of the anti-plane
problem as
w ¼ Reu; u ¼ u0 þ
XN
p¼1
up; ð3:1Þ
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up ¼
X1
n¼1
Anptnp; p ¼ 1;2; . . . ;N: ð3:2Þ
The functions tnp in (3.2) are periodic complex potentials deﬁned in
Appendix A and Anp are the complex series expansion coefﬁcients to
be found.
Accounting for the properties (B.5) of the functions tnp yields to
periodicity conditions (2.6). By substituting (3.1) and (3.2) into
(2.6) one ﬁnds that, to obey these conditions, we need to put
C ¼ e13 þ ie23 þ
pi
ab
XN
p¼1
ImðdpA1pÞ: ð3:3Þ
To satisfy the boundary conditions (2.8), we ﬁrst expand u* in a
vicinity of qth crack (more precisely, around its midpoint Oq) into
the Laurent series of tq. For the linear term u0, this expansion fol-
lows directly from (A.2) and yields
u0 ¼ CZq þ C
dq
2
ðtq þ 1=tqÞ; dq ¼ Dq expðiHqÞ: ð3:4Þ
Expansion of the periodic disturbance terms up (3.2) is based on
applying formulas (B.2) and (B.3) to the terms with p = q and formu-
las (B.6) and (B.7) to the rest of them. Omitting the standard alge-
bra, we write
u ¼
X
k
ðAkq þ akqÞðtqÞk ðAkq  0 for k 6 0Þ; ð3:5Þ
where
akq ¼
XN
p¼1
X1
n¼1
Anpðgpqnm þ gpqnm Þ þ dk;1
Cdq
2
ðgppnm  0Þ: ð3:6Þ
The explicit form of gpqnm and gpqnm as well as the way of their efﬁcient
evaluation is discussed in Appendix B. We note only that akq (3.6)
are the expansion coefﬁcients of the regular part of solution and,
hence, ak,q = akq is the necessary condition (for the details, see
Kushch et al., 2005).
As the last step, we substitute series expansion (3.5) into (2.8).
It follows from deﬁnition of t function that (a) otq/ofq = tq and (b)
for fq = 0, (tq)k = exp(ikgq) is the kth Fourier harmonics in gq. Using
their orthogonality, we reduce the functional equality (2.8) to an
inﬁnite set of linear algebraic equations of rather simple form,
namely
Akq þ akq  akq ¼ 0; k ¼ 1;2; . . . ; q ¼ 1;2; . . . ;N; ð3:7Þ
where the overbar means complex conjugate.
The ﬁrst obvious conclusion drawn from (3.7) is ReAkq  0.
Therefore, one can introduce the real-valued unknowns eAkq for
which the explicit form of (3.7) will be
eAkq þXN
p¼1
X1
n¼1
2Reðgpqnm þ gpqnm ÞeAnp ¼ ImðCdqÞ; ð3:8Þ
where C is deﬁned by the formula (3.3). Numerical inversion of
(3.8) gives us the values of series coefﬁcients Akq and thus com-
pletes solution of the problem.
3.2. Plane strain
3.2.1. A ﬁnite array of cracks
To make our derivation more transparent, we consider ﬁrst an
unbounded 2D solid containing a ﬁnite array of arbitrarily placed
and oriented (but non-intersecting) rectilinear cracks and then ex-
tend this solution to the cell model problem. Noteworthy, in the
particular case of aligned cracks, this problem represents a limiting
case (f? 0) of the problem for a solid containing a ﬁnite array ofequally oriented elliptical inclusions (Kushch et al., 2005). We
extend the developed there approach on the case of arbitrarily
oriented inhomogeneities.
We assume the stress ﬁeld in a solid with cracks is induced by
the far ﬁeld constant strain tensor e*. By analogy with (3.1), we
write a general solution for displacement as a superposition of
the linear far ﬁeld u0 and the disturbances caused by each separate
crack:
u ¼ u0 þ
XN
p¼1
usp expðiHpÞ; ð3:9Þ
where usp are written in the form (2.4) but in the local, crack-related
coordinates yp = y1p + iy2p = zpexp(iHp) as
usp ¼ ,usp þ ðyp  ypÞu0sp  wsp; p ¼ 1;2; . . . ;N: ð3:10Þ
A presence in the sum (3.9) of the multiplier exp(iHp) reﬂects the
fact that the components of displacement vector are summed up
in the same (namely, the global) coordinate system.
Obviously, all the disturbances usp ! 0 with jzj?1 and, hence,
u !
jzj!1
u0 ¼ ðe11x1 þ e12x2Þ þ iðe12x1 þ e22x2Þ: ð3:11Þ
To obey this condition, we take u0 in the form (2.4), with the
potentials u = u0 = C1z and w = w0 = C2z, where C1 and C2 are the
complex constants. After simple algebra, one obtains
C1 ¼ e

11 þ e22
2ð, 1Þ ; C1  C2 ¼
e22  e11
2
 ie12: ð3:12Þ
An appropriate form of the potentials up and wp in (3.10) has been
discussed by Kushch et al. (2005). In the problem considered here,
fp = 0 (p = 1,2, . . . ,N) at the cracks’ surfaces: it leads to signiﬁcant
simpliﬁcations and allows us to take the potentials in the same form
as for the scalar problem, namely, in the form of simple power
series
usp ¼
X1
n¼1
AnpðtpÞn; wsp ¼
X1
n¼1
BnpðtpÞn; ð3:13Þ
where Anp and Bnp are the complex constants to be determined from
the boundary conditions. Before that, however, the proper local
expansions must be found for each term in (3.9), i.e., the term
usp expðiHpÞ, where usp is deﬁned by (3.10) and (3.13), has to be
transformed to the form urpq expðiHqÞ, where
urpq ¼ ,urpq þ ðyq  yqÞu0rpq  wrpq ð3:14Þ
and where the regular complex potentials urpq and w
r
pq are given by
the power series in tq.
The ﬁrst and obvious step is to equate the terms in (3.10) and
(3.14) containing the same material constant, ,. We have
,usp expðiHpÞ ¼ ,urpq expðiHqÞ, by applying the re-expansion for-
mula (A.3), one ﬁnds
urpq ¼
X
k
akpqðtqÞk; where akpq ¼
X1
n¼1
Anpgpqnk expðiHpqÞ ð3:15Þ
andHpq =Hq Hp is the angle between the pth and qth cracks. The
complex variables of pth and qth local coordinate systems are re-
lated by the formula Zp + ypexp(iHp) = Zq + yqexp(iHq) and oyp/
oyq = exp(iHpq). From here, we get u0sp ¼ u0rpq and thus
yp expðiHpÞu0sp ¼ ½Zpq þ yq expðiHqÞu0rpq: ð3:16Þ
By equating, in a similar manner, the remaining terms in (3.10) and
(3.14) we come, after somewhat tedious algebra, to the expression
of wrpq in the form (3.15), with the coefﬁcients bkpq given by
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X1
n¼1
Bnpgpqnk expðiHpqÞ þ
X1
n¼1
AnpdpfðexpðiHpqÞ
 expðiHpqÞÞ½ðlpqn1;k þ lpqnþ1;kÞ=2 gpqnk þ ðZpq expðiHqÞ
 Zpq expðiHqÞÞlpqnkg: ð3:17Þ
In (3.17), lpqnk ¼ ogpqnk=oZpq are the coefﬁcients of the re-expansion
(A.7): for their explicit form, see Appendix A. Representation of
the linear ﬁeld u0 in the form (3.14) is rather straightforward and
gives the following non-zero coefﬁcients in the power series of
the type (3.14)
ð,a00q  b00qÞ expðiHqÞ ¼ ð,C1  C1ÞZq þ ðC1  C2ÞZq;
a10q ¼ Dq2 C1 and b10q ¼ a10q þ
Dq
2
ðC2  C1Þ expð2iHqÞ:
ð3:18Þ
Now, we collect contributions from all the sources to obtain a
desired local expansion of u (3.10) in a vicinity of qth crack:
u ¼ ,uq þ ðyq  yqÞu0q  w; ð3:19Þ
where
uq ¼
X
k
ðAkq þ akqÞðtqÞk; wq ¼
X
k
ðBkq þ bkqÞðtqÞk ð3:20Þ
(Akq = Bkq  0 for k 6 0), and
akq ¼
XN
p¼0 ðp–qÞ
akpq; bkq ¼
XN
p¼0 ðp–qÞ
bkpq: ð3:21Þ
The ﬁnal step is substitution of the potentials (3.20) into the bound-
ary conditions (2.9) which can be written in terms of local elliptic
variables as
ouq
otq
 owq
otq
 
jfq¼0 ¼ 0: ð3:22Þ
Considerations analogous to those we have used for obtaining the
resolving system (3.7) give us the following two sets of linear alge-
braic equations:
Akq þ akq þ bkq ¼ 0; Bkq þ akq þ bkq ¼ 0;
k ¼ 1;2; . . . ; q ¼ 1;2; . . . ;N: ð3:23Þ
And yet another analogy between (3.23) and (3.7) consists in
that a number of unknowns can be reduced twice. A simple
analysis of the obtained equations shows Bkq ¼ Akq; in fact, we
have one series of unknown complex coefﬁcients and thus can
consider only the ﬁrst subset of (3.23) as the resolving algebraic
system.
3.2.2. Cell model
Now, we come back to the cell model problem and consider the
stress state of a periodically cracked solid subjected to the constant
macroscopic strain e*. By analogy with (3.1) and (3.2), we write a
general solution of this problem in the form
u ¼ u0 þ
XN
p¼1
up; ð3:24Þ
similar to (3.9), where the single crack disturbance terms usp are re-
placed with their periodic counterparts given by the lattice sums
up ¼
X
a;b
uspðzp þ LabÞ expðiHpÞ: ð3:25Þ
With account of (3.13) these sums involve the sums of type (B.1)
and, additionally, the biharmonic sumsX
a;b
ðzp þ LabÞ o½tpðzp þ LabÞ
n
ozp
; ð3:26Þfor which the theory analogous to one exposed in Appendix A can
be developed. Here, we give only the results directly related to
the problem under consideration.
The ﬁrst of them is the up periodicity property analogous to
(B.5):
upðzþ aÞ  upðzÞ ¼ 0; upðzþ ibÞ  upðzÞ ¼ Dp; ð3:27Þ
where
Dp ¼ pDpia ½A1pð, expð2iHpÞ þ 1Þ þ A1pð1 expð2iHpÞÞ ð3:28Þ
and where we have Bkq ¼ Akq already taken into account. The for-
mula (3.27) allows us to satisfy the periodicity conditions (2.7):
by substituting (3.24) one obtains, with the aid of (3.28),
,C1  C2 ¼ e11 þ ie12;
,C1  2C1 þ C2  C ¼ e22  ie12;
ð3:29Þ
where C ¼ iPNp¼1Dp. From here, the constants C1 and C2 are deter-
mined uniquely as
ReC1 ¼ e

11 þ e22 þ ReC
2ð, 1Þ ; ImC1 ¼
ImC
2ð,þ 1Þ ;
C2 ¼ C1 þ e

22  e11
2
þ ie12  C=2:
ð3:30Þ
Obtaining the linear algebraic system for Anp determination fol-
lows step-by-step the procedure described in the previous sub-
section and leads again to (3.23). The only difference is that in
the expression of akpq (3.15) and bkpq (3.17), the coefﬁcients
gpqnm and lpqnk must be replaced with their periodic counterparts,
i.e.,
akpq ¼
X1
n¼1
Anpgpqnk expðiHpqÞ; ð3:31Þ
where gpqnk is deﬁned by the formulas (B.3), (B.7) and (B.8). In the
expression of bkpq (3.17), lpqnk has the form (A.9), with the replace
Zðnþlþ2lÞpq to R

nþkþ2lðZpqÞ. As seen from (A.9), the product Zpqlpqnk enter-
ing (3.17), contains Zpq in the degree n + k + 2l; the relevant lattice
sum isX
a;b
ðZpq þ LabÞlpqnkðZpq þ LabÞ ¼ 2nð1Þkþ1
dp
2
 n

X1
l¼0
dq
2
 kþ2l
MnklCðnþ kþ 2lþ 1ÞRnþkþ2lðZpqÞ: ð3:32Þ
The last remaining term in bkpq (3.17) is Zpqlpqnk. It is also transforms
into the expression (3.32), where the harmonic lattice sum Rnþkþ2l is
replaced by the biharmonic one Rnþkþ2l:
Rn ¼
X
a;b
j Zpq þ Labj2
ðZpq þ LabÞnþ2
: ð3:33Þ
The fast summation methods of the series (3.33) are also well devel-
oped now (see, e.g., Movchan et al., 1997).
3.3. Effective stiffness tensor
The above analytical solutions provide an accurate evaluation of
the local ﬁelds at any point of the unit cell as well as the stress
intensity factors (SIFs) at the crack tips. Their detailed analysis is
a subject of a separate paper: for our purpose, it is important that
these ﬁelds can be integrated analytically to obtain the exact,
closed form expressions for the effective elastic moduli of a
cracked solid, deﬁned by the formula
rij ¼ Cijklekl; ð3:34Þ
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rij ¼ hriji ¼ V1
R
V rij dV . In our case, V = ab. And, since the com-
ponents of the mean strain tensor were taken by us as the input
(load governing) parameters, all we need to determine the effec-
tive stiffness tensor is to integrate the local stress ﬁeld. Indeed,
Cijkl ¼ rij, where the stress ﬁeld corresponds to the uniaxial strain
ekl ¼ 1.
Averaging the anti-plane shear stress gives us
r13 þ ir23 ¼
1
V
Z
V
ðr13 þ ir23ÞdV ¼ GV
Z
V
o
ox1
þ i o
ox2
 
wdV : ð3:35Þ
The Gauss formula yields
r13 þ ir23 ¼
G
V
Z
S0

XN
q¼1
Z
Sq
 !
ðn1 þ in2ÞwdS; ð3:36Þ
where S0 is the outer boundary of the cell, Sq is the qth crack
surface and ni are the components of the outward normal unit
vector.
Accounting for the displacement ﬁeld periodicity, we obtain
expectedly
1
V
Z
S0
ðn1 þ in2ÞwdS ¼ e13 þ ie23: ð3:37Þ
As to the integrals over the cracks’ surfaces, they can be written asZ
Sq
ðn1 þ in2ÞwdS ¼ expðiHp þ pi=2ÞDp
Z 2p
0
wjfq¼0 singq dgq: ð3:38Þ
On the other hand, the displacement w = Reu at the surface fq = 0
with account for Akq ¼ Akq reduces to
wjfq¼0 ¼
X1
k¼0
½iAkq sinðkgqÞ þ Reakq cosðkgqÞ: ð3:39Þ
Substitution of (3.39) into (3.38) yieldsZ
Sq
ðn1 þ in2ÞwdS ¼ pdqA1q; ð3:40Þ
and thus we get
r13 þ ir23
G
¼ e13 þ ie23 
p
ab
XN
q¼1
DqA1q expðiHqÞ: ð3:41Þ
Integration of the local stress in the plane strain problem is also
straightforward. We write
r11 þ r22
2G
¼ 4
V
Z
V
Reu0dV ¼ 2
V
Re
Z
V
o
ox1
 i o
ox2
 
udV : ð3:42Þ
By analogy with (3.35), it can be transformed to
r11 þ r22
2G
¼ 2
V
Re
Z
S0

XN
q¼1
Z
Sq
 !
ðn1  in2ÞudS ð3:43Þ
and, after integration, one gets
r11 þ r22
2G
¼ 2ð, 1Þ ðe

11 þ e22Þ þ
p
ab
ð,þ 1Þ
ð, 1Þ
XN
q¼1
DqðA1q þ A1qÞ:ð3:44Þ
Similarly,
r22  r11 þ 2ir12
2G
¼  2
V
Z
V
ou
oz
dV
¼  1
V
Z
S0

XN
q¼1
Z
Sq
 !
ðn1  in2ÞudS ð3:45Þ
results inr22  r11 þ 2ir12
2G
¼ e22  e11 þ 2ie12 þ
p
ab
ð,þ 1Þ
XN
q¼1
DqA1q
 expð2iHqÞ: ð3:46Þ
Together with (3.34), relations (3.42) and (3.46) enable evaluation
of the effective transverse elastic moduli of a cracked solid.
4. Numerical study
4.1. Numerical realization and convergence
The series solution we have derived above is an asymptotically
exact one. This means that, in order to get the exact values, one has
to solve a whole inﬁnite set of linear equations. In practice, it is
solved by applying the truncation method which means that only
a certain ﬁnite number Neqn of equations and unknowns is retained
in (3.8) and (3.23). Based on asymptotic analysis of the linear set
(3.8), it can be proven rigorously (Kantorovich and Krylov, 1964)
that an approximate solution obtained in this way converges to
an exact one with Neqn?1 and the same applies to the system
(3.23). Thus, any desirable accuracy can be achieved by the proper
choice of Neqn.
The numerical scheme of the developed method is rather sim-
ple. The matrix coefﬁcients of the linear system are given by the
simple rational expressions and, unlike FEM or BEM, involve no
integration. Instead, they contain the rapidly convergent lattice
sums, which can be calculated in advance using the fast summa-
tion techniques. In fact, the most computational time is spent by
the linear solver and, to provide the best performance, the proper
solver must be chosen. The well-known fact is that the CPU time
for the direct and iterative linear solvers scales as OðN3eqnÞ and
OðN2eqnÞ, respectively, and for large (Neqn > 1000) sets of equations,
typical in many-crack models, direct solvers cannot compete in
productivity with iterative ones. Among them, the generalized
minimum residuals (GMRES) algorithm by Saad and Schultz
(1986) was found to be quite adequate for our needs: typical run
for 100 cracks with Nharm = 20 takes 10–15 s of home desktop
CPU time which enables performing a comprehensive statistical
study. In this work, the open source Fortran code of GMRES routine
by Fraysse et al. (1998), with minor modiﬁcations, is utilized. The
tolerance for convergence (stopping criterion) was taken equal to
108 and a number of iterations did not exceed 100 (<50, in most
cases). All the reported below numerical data were calculated for
G = 1 and m = 0.25.
Recently, the iterative numerical schemes have been developed
(Helsing, 1999; Wang et al., 2005) for the problems of this kind,
based on the Muskhelishvili complex potentials in combination
with the fast multipole method (FMM). These modern algorithms
have asymptotic computational cost of only O(Neqn). Furthermore,
they allow the adaptivity process, so that the computational mesh
on an individual crack can be reﬁned where it is needed. As a re-
sult, computations for representative cells with up to 10,000 cracks
have been done. Noteworthy, our numerical scheme also can be
improved to O(N) by combining with FMM or another analogous
algorithm (e.g., Sangani and Mo, 1996; Kushch et al., 2002). These
sophisticated algorithms enable using the large-scale models
which are favorable in that they minimize the ‘‘ﬁnite-size cell” ef-
fects and allow to reduce a number of numerical tests taken for
averaging.
Three main parameters governing convergence and accuracy of
results in the below statistical analysis are: (a) number Ncrack = N of
cracks with the centers lying inside the unit cell; (b) number Nharm
of harmonics retained in (3.2), (3.5) and analogous series expan-
sions and (c) number Ntest of the random structure realizations ta-
ken for averaging. Obviously, sufﬁciently large numbers should be
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computational effort of such a study scales as (Neqn)2Ntest, where
number of equations in the system with real coefﬁcients is
Neqn = 2NcrackNharm. To avoid exceedingly lengthy computational
time, the reasonable values of Nharm,Ncrack and Ntest are to be taken.
Their motivated choice can be made based on the solution conver-
gence rate study.
First, we evaluate the number of harmonics Nharm we need to
keep in the numerical solution in order to get the convergent solu-
tion. Speciﬁcally, we consider anti-plane shear of a cracked solid
with the unit cell containing 50 cracks and k = 0.5. Some idea of
the convergence rate can be drawn from Table 1, where the com-
ponents C1313 and C

2323 of the effective stiffness tensor are given
as a function of crack density q = D2N/ab and Nharm. For a given q,
all calculations were performed on the same geometry model. It
is seen from the table that, within the considered crack density
limits, convergence is rapid and already Nharm = 15 gives the prac-Table 1
Convergence rate of solution with Nharm increased (anti-plane shear problem).
Nharm q = 1/p q = 2/p q = 3/p
C1313 C

2323 C

1313 C

2323 C

1313 C

2323
1 0.7827 0.5857 0.6320 0.3741 0.5533 0.2530
3 0.7765 0.5769 0.6200 0.3587 0.5292 0.2299
5 0.7753 0.5761 0.6183 0.3577 0.5258 0.2270
7 0.7757 0.5760 0.6181 0.3575 0.5248 0.2265
9 0.7757 0.5759 0.6180 0.3574 0.5244 0.2264
11 0.7757 0.5759 0.6180 0.3574 0.5243 0.2263
13 0.7757 0.5759 0.6180 0.3574 0.5241 0.2263
15 0.7757 0.5759 0.6180 0.3574 0.5241 0.2263
Table 2
Convergence rate of solution with Nharm increased (in-plane strain problem).
Nharm C

1111 C

1122
ﬃﬃﬃ
2
p
C
5 0.497600 0.020378 0.12
10 0.496240 0.020323 0.12
15 0.496108 0.020317 0.12
20 0.496091 0.020315 0.12
Helsing (1999) 0.496089 0.020315 0.12
.
.
.
.
.
Fig. 4. Convergence of C1313 with a numbertically convergent solution with a relative error in effective stiff-
ness below 0.1%. The data for k = 0.5 shown in the table are
typical ones: we did not ﬁnd any systematic effect of k on the con-
vergence rate.
The analogous data for the in-plane elasticity problem are given
in Table 2. The cell geometry and the benchmark values for the
effective elastic moduli (last row of the table) are taken from the
paper by Helsing (1999) where calculations were performed with
high accuracy using the Fredholm integral equation based numer-
ical algorithm. As comparison shows, already Nharm = 5 provides
three digits accuracy of all the effective moduli. For Nharm = 20,
we reach six digits accuracy which validates both the developed
theory and numerical code and clearly demonstrate high conver-
gence rate vs a number of harmonics retained in the solution and
accuracy of the proposed method.
The next ﬁgure shows the extent to which a number of realiza-
tions Ntest affects the results of statistical averaging. In Fig. 4, the
normalized effective elastic modulus C1313 averaged over a number
of random structure realizations is shown. The open circles corre-
spond to Ncrack = 50, whereas the solid circles correspond to
Ncrack = 100. Based on these observations, the conclusion can be
drawn that Ntest = 50 provides a practically convergent solution.
Note also that the difference between the absolute values of effec-
tive modulus C1313 obtained for Ncrack = 50 and Ncrack = 100 is rather
small although in the last case dispersion is substantially lower.
Expectably, dispersion (and, hence, a number of tests) can be
greatly reduced by using the large-scale models with Ncrack of order
103; their analysis, however, requires the above-mentioned
O(N) numerical algorithms to be applied.
1133 C

2222
ﬃﬃﬃ
2
p
C2233 C

1212
4082 0.471979 0.133131 0.483574
4568 0.471854 0.132915 0.482681
4566 0.471851 0.132899 0.482599
4565 0.471849 0.132897 0.482593
4564 0.471848 0.132897 0.482593
of tests Ntest increased: q = 2/p, w = 10.
Table 3
C1313 and C

2323 of a cracked solid as a function of crack density q and disorder parameter w.
pq k = 0 k = 0.1 k = 0.5 k = 2.0 k = 10
C1313 C

2323 C

1313 C

2323 C

1313 C

2323 C

1313 C

2323 C

1313 C

2323
0.5 1.0 0.640 0.962 0.655 0.880 0.706 0.803 0.770 0.783 0.784
1.0 1.0 0.432 0.926 0.460 0.772 0.525 0.643 0.602 0.633 0.633
1.5 1.0 0.323 0.885 0.341 0.678 0.405 0.535 0.481 0.516 0.515
2.0 1.0 0.243 0.848 0.267 0.600 0.328 0.472 0.415 0.442 0.433
2.5 1.0 0.188 0.811 0.212 0.559 0.289 0.416 0.367 0.369 0.375
3.0 1.0 0.150 0.737 0.176 0.501 0.237 0.375 0.324 0.344 0.342
Table 4
C1111 and C

2222 of a cracked solid as a function of crack density q and disorder parameter w.
pq k = 0 k = 0.1 k = 0.5 k = 2.0 k = 10
C1111 C

2222 C

1111 C

2222 C

1111 C

2222 C

1111 C

2222 C

1111 C

2222
0.5 2.792 1.132 2.570 1.192 2.112 1.379 1.757 1.600 1.674 1.663
1.0 2.718 0.509 2.294 0.540 1.542 0.680 1.067 0.912 0.993 0.990
1.5 2.693 0.266 2.051 0.285 1.117 0.384 0.699 0.570 0.636 0.609
2.0 2.682 0.137 1.824 0.153 0.854 0.223 0.486 0.355 0.413 0.414
2.5 2.677 0.084 1.642 0.094 0.670 0.148 0.346 0.258 0.301 0.295
3.0 2.672 0.046 1.492 0.071 0.530 0.113 0.267 0.195 0.218 0.217
Table 5
C1212 and C

1122 of a cracked solid as a function of crack density q and disorder parameter w.
pq k = 0 k = 0.1 k = 0.5 k = 2.0 k = 10
C1212 C

1122 C

1212 C

1122 C

1212 C

1122 C

1212 C

1122 C

1212 C

1122
0.5 0.700 0.377 0.692 0.357 0.690 0.327 0.688 0.306 0.685 0.298
1.0 0.498 0.158 0.494 0.132 0.480 0.068 0.478 0.043 0.477 0.040
1.5 0.373 0.080 0.360 0.046 0.344 0.027 0.343 0.053 0.341 0.053
2.0 0.285 0.046 0.265 0.007 0.258 0.066 0.250 0.096 0.252 0.092
2.5 0.220 0.029 0.208 0.033 0.196 0.086 0.192 0.096 0.195 0.092
3.0 0.176 0.015 0.163 0.0212 0.158 0.077 0.157 0.086 0.155 0.089
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cause they depend on the crack density, micro structure type, etc.
In each speciﬁc case, a similar study must be done and the appro-
priate Nharm, Ncrack and Nconf numbers ensuring the accurate and
statistically meaningful results should be determined. In the subse-
quent numerical study, we take Nharm = 15, Ncrack = 100 and
Ntest = 50.
4.2. Parametric study
Now, we give some numerical data that discover an effect of the
disorder parameter k on the macroscopic stiffness of a cracked so-
lid. Table 3 contains the components C1313 and C

2323 of the effective
stiffness tensor of cracked solid for a series of the crack density q
and disorder parameter k values. As expected, C1313 ¼ 1 for k = 0;
with k increased, C1313 and C

2323 converge and for k = 10 their dif-
ference falls between the statistical error margins. The analogous
data for the components C1111; C

2222; C

1122 and C

1212 of the effec-
tive stiffness tensor obtained from the plane strain problem are gi-
ven in Table 4. Similarly to the previous example, C1111 and C

2222
tend to each other with k growing up. At the same time, as seen
from Table 5, C1212 is only weakly affected by the disorder param-
eter k. Another interesting feature is that in disordered structures,
C1122 becomes negative starting from the crack density q 	 1.5/p.
The graphical illustration of the orientation factor effects is given
in Figs. 5 and 6.
It is of interest to compare the analytical results available in the
literature with the numerical data obtained by the suggestedmethod. The most known formulas relate two extreme cases, one
of them being the equally oriented cracks and another being the
perfectly disordered randomly oriented cracks. In our model, they
correspond to k = 0 and k =1, respectively; as it was shown earlier
(see Fig. 3), k = 10 provides practically uniform scattering of the
crack orientation angle and thus will be used for comparison sake
here. Following Kachanov (1994) and Orlowsky et al. (2003), we
make comparisons with the results obtained in the framework of
the non-interaction (NIA) approximation (Bristow, 1960), differen-
tial (DS) scheme of the self-consistent method (Zimmerman, 1985)
and its modiﬁcation (Sayers and Kachanov, 1991).
In Fig. 7, C1212 is shown as a function of the crack density. The
solid and open circles represent the data obtained by the devel-
oped method for a solid with aligned (k = 0) and randomly oriented
(k = 10) cracks, respectively. The curves represent the theories
taken for comparison: NIA (solid line), DS (dash-dotted line) and
SK (dashed line). As noticed already, k has a minor effect on the
shear modulus; as to the approximate theories, they predict no
effect on the in-plane shear strength of the cracks orientation
mode. Namely, C1212 ¼ G; where G* = G/[1 + pq(1  m)] (NIA),
G* = Gexp[pq(1  m)] (DS) and G* = G/[1 + pq(1  m)exp(pq)]
(SK). It is seen from the plot that, among the compared schemes,
only DS gives the an acceptable approximation whereas the NIA
and KS greatly overestimate and underestimate, respectively, the
C1212 value obtained from computational experiments. The analo-
gous data for C2323 are given in Fig. 8. Here, the analytical approx-
imations give C2323 ¼ G2, where G* = G/(1 + pq) (NIA),
G* = Gexp(pq) (DS) and G* = G/[1 + pq/(1  pq/3)] (KL) (Kanaun
..
.
. ..
Fig. 5. C1313 and C

2323: an effect of the disorder parameter w.
. . .
Fig. 6. C1111 and C

2222: an effect of the disorder parameter w.
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formulas, with replace p to p2, apply in the case of randomly ori-
ented cracks. Again, we see that the obtained numerically data(solid and open circles) lie below the curve representing NIA and
above the curves for DS and KL and this deviation grows up mono-
tonically with q.
..
.
. . .
Fig. 7. Comparison with the approximate theories: C1212 of a solid containing aligned and randomly oriented cracks.
.
.
.
. . .
Fig. 8. Comparison with the approximate theories: C2323 of a solid containing aligned and randomly oriented cracks.
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
2222 and C

1122 are
shown for a cracked solid with equally and randomly oriented
cracks, respectively. In the latter case, we expect macroscopic isot-
ropy in the xy-plane and it requires C1111 ¼ C2222 andC2222  C1111 ¼ 2C1212: An analysis of the numerical data given in
Tables 4 and 5 shows that they obey these conditions with a good
accuracy and this can be considered as an additional validation of
the considered model. The components Ciijj ði; j ¼ 1;2Þ of the effec-
. . .
Fig. 9. Comparison with the approximate theories: C1111, C

2222 and C

1122 of a solid containing aligned cracks.
. ..
Fig. 10. Comparison with the approximate theories: C2222 and C

1122 of a solid containing randomly oriented cracks.
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nical constants E1 and E

2 predicted by approximate theories using
the formula (e.g., Orlowsky et al., 2003)C1111 C

1122
C1122 C

2222
 
¼ ð1 m
2Þ=E1 mð1þ mÞ=E
mð1þ mÞ=E ð1 m2Þ=E2
 !1
; ð4:1Þ
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solid containing parallel cracks, E1 ¼ E, whereas E2 ¼ E=ð1þ 2pqÞ
(NIA), E2 ¼ E expð2pqÞ (DS) and E2 ¼ E=ð1þ 2pq expðpqÞÞ (SK).
In the case of randomly oriented cracks, E1 ¼ E2, where
E2 ¼ E=ð1þ pqÞ (NIA), E2 ¼ E expðpqÞ (DS) and E2 ¼ E=
ð1þ pq expðpqÞÞ (SK).
It is seen from the plots that, like the previous examples, DS
provides the best ﬁt of our numerical data, SK underestimates
and NIA widely overestimates the real stiffness of a cracked solid.
The presented data enable evaluation of the accuracy and applica-
bility bounds of known theories of cracked solid and can serve as a
benchmark for testing the newly developed methods. Among these
methods, the differential scheme appears to show the closest
agreement with the numerical results. A similar conclusion has
been made by Shen and Yi (2000), Orlowsky et al. (2003), Saenger
et al. (2004), among others. Note, ﬁnally, that our solution is in no
way restricted to the Lorentz’ distribution rule (2.1) taken as an
example: in a quite similar manner, an effect of other orientation
statistics on the effective stiffness of a cracked solid can be
examined.
5. Conclusions
A new, Rayleigh type method is developed providing the ex-
act series solution for the local stress ﬁeld and effective elastic
properties of a cracked solid with the prescribed crack orienta-
tion statistics. The representative unit cell of a cracked solid
modeled by a periodic structure contains multiple disoriented
cracks of equal length, their number is taken sufﬁcient to
account for the micro structure statistics. The method combines
the principle of superposition, technique of complex potentials
and some new results in the theory of special functions. A prop-
er choice of potentials allows one to reduce the boundary-value
problem for multiple-connected domain to an ordinary, well-
posed set of linear algebraic equations. This reduction provides
the high numerical efﬁciency of the developed method. The
exact, ﬁnite form expressions for the components of the effective
stiffness tensor have been obtained by analytical averaging of
the local strain and stress ﬁelds. The exhaustive convergence
study has been performed and the statistically meaningful
results have been obtained showing an effect on the effective
elastic stiffness of a cracked material with the angular scattering
of cracks. The presented data allow one to estimate an accuracy
and applicability bounds of the known approximate theories and
can serve as a benchmark for testing the newly developed meth-
ods of solving the crack-related problems. Comparison has been
made of these numerical data with predictions provided by the
non-interaction approximation, differential scheme and modiﬁed
differential scheme. Among these methods, the differential
scheme shows the closest agreement with the rigorous solution
for both parallel and random orientation of cracks.Acknowledgement
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Appendix A. Re-expansion formulas for the basis functions in
elliptic coordinates
Let position of the arbitrarily taken (say, with index p) crack of
length 2Dp in the complex plane related to the global Cartesiancoordinate system Ox1x2 be given by the complex number
Zp = X1p + iX2p deﬁning the midpoint Op of the crack and by the
inclination angle Hp (jHpj 6 p/2) between the crack and positive
direction of the Ox1 axis. We introduce the crack-related local coor-
dinate system Opx1px2p whose origin coincides with the crack’s
midpoint, whereas the Opx1p and Opx2p axes are parallel to the cor-
responding axes of the global coordinate system. Obviously, the
global z = x1 + ix2 and local zp = x1p + ix2p variables are related by
z = zp + Zp (Fig. 1). Also, we deﬁne the crack-related elliptic coordi-
nates np = fp + igp by the formula
zp ¼ dpxðnpÞ ¼ dp coshðnpÞ; 0 6 fp <1; 0 6 gp < 2p; ðA:1Þ
where dp = Dpexp(iHp). As easy to see, fp = 0 at the crack’s surface
Sp; also, gp = 0 and gp = p at the right and left tip of the crack,
respectively.
The natural choice of the basis potential functions in elliptic
coordinates is (tp)n, where
tp ¼ expðnpÞ ¼ zp=dp 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðzp=dpÞ2  1
q
ðRetp > 0Þ: ðA:2Þ
The formula inverse to (A.2) is rather simple and follows directly
form (A.1): zp ¼ 12dpðtp þ 1=tpÞ. The particular usefulness of these
functions consists in that at the crack surface fp = 0 the power series
in tp appears to be the Fourier series in gp which greatly simpliﬁes
satisfying the boundary conditions imposed at the crack surface.
In the multiple cracks problem, one has to re-expand the pth
crack-related ‘‘irregular” basis functions (tp)n (n > 0) in a vicinity
of another, say, qth crack. The re-expansion, or addition (see Yard-
ley et al., 1999) formulas
ðtpÞn ¼
X
k
gpqnkðtqÞk ðA:3Þ
for the case of two collinear identical elliptic coordinate systems
have been obtained by Meisner and Kouris (1995) in the form of
integral involving the product of two Bessel functions. For the arbi-
trarily placed (but equally oriented) elliptic coordinate systems
with the same semi-foci parameter Dp = Dq, Yardley et al. (1999)
expressed gpqnk in the terms of hyper geometric function and also
have suggested the formula, convenient for numerical evaluation.
In our notations, it has the form
gpqnk ¼
1
p
Z p
0
ðtpÞnjfq¼0 cosðkgqÞdgp; k ¼ 1;2; . . . ðA:4Þ
This formula provides a clear insight into the meaning of the
coefﬁcients gpqnk being the nothing else but the Fourier expansion
coefﬁcients of (tp)n in terms of gq at the qth crack surface. Kushch
et al. (2005) has derived two series expansions of gpqnk, valid for the
arbitrary, not necessarily equal, values of Dp and Dq.
It is rather straightforward to show that all the above-men-
tioned formulas of gpqnk including that one by Meisner and Kouris
(1995) written here in the form
gpqnk ¼ nikn
Z p
0
JnðDpbÞJkðDqbÞb1db; ðA:5Þ
where Zpq = Zq  Zp, are valid, within their convergence area, for the
arbitrarily oriented elliptic coordinate systems provided we replace
there the real-valued parameters Dp and Dq with their complex
counterparts, dp and dq deﬁned by (A.1).
In our study, the formula (A.4) is applied to account for interac-
tions of the closely (jZpqj 6 Dp + Dq) placed cracks. Otherwise, we
use the series expansion (Kushch et al., 2005)
gpqnk ¼ nð1Þk
dp
2
 nX1
l¼0
dq
2
 kþ2l
Mnkl
Cðnþ kþ 2lÞ
ðZpqÞnþkþ2l
; ðA:6Þ
where
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Xl
j¼0
ðdp=dqÞ2j
j!ðl jÞ!ðjþ nÞ!ðkþ l jÞ! :
For the derivation procedure and the convergence area of (A.6), see
Kushch et al. (2005).
Differentiation of the re-expansion formula (A.3) with respect
to zp yields
oðtpÞn
ozp
¼
X
k
lpqnkðtqÞk; ðA:7Þ
where, in order to evaluate the coefﬁcients lpqnk, the following two
formulas are used. The ﬁrst of them is analogous to (A.4) and ap-
plies to the closely placed cracks:
mpqnk ¼ 
2n
pdp
Z p
0
ðtpÞn
ðtp  1=tpÞ jfq¼0 cosðkgqÞdgp; k ¼ 1;2; . . . ;
ðA:8Þ
whereas the second one
lpqnk ¼ 2nð1Þk
dp
2
 nX1
l¼0
dq
2
 kþ2l
Mnkl
Cðnþ kþ 2lþ 1Þ
ðZpqÞnþkþ2lþ1
ðA:9Þ
is intended for use in the case of well-separated cracks. As shown in
Appendix B, the formulas (A.6) and (A.9) provide an efﬁcient evalu-
ation of the lattice sums appearing in the solution of the cell model
problems by the multipole expansion method.Appendix B. Periodic complex potentials
The unit cell model implies that each crack belonging to the cell
forms a rectangular periodic array, or lattice, of identical cracks
with periods a and b along the Ox and Oy axes, respectively, of
the global coordinate system. A convenient way of building up
the solution of the cell model problem consists in introducing
the relevant periodic basis functions. By analogy with Kushch
et al. (2008), we deﬁne the functions tnp as the following 2D lattice
sums:
tnp ¼
X
a;b
½tpðzp þ LabÞn; n ¼ 1;2; . . . ; ðB:1Þ
where 1 < a, b <1 are the integer numbers (node coordinates)
and Lab = aa + bb.
The drawback of this deﬁnition is a convergence issue:
namely, the series (B.1) for n = 1 is convergent only condition-
ally. This is the well-known problem, discussed many times in
the literature since the famous Rayleigh’s 1892 work. An alter-
nate way of deﬁning the functions tnp uses their local series
expansion of the form
tnp ¼ ðtpÞn þ
X
k
gppnk ðtpÞk; ðB:2Þ
where
gppnk ¼
X0
a;b
gppnkðLabÞ ðB:3Þ
and the strike over the sum means absence there of the term with
a = b = 0. Yet another deﬁnition of tnp can be given by the Fourier
series
tnp ¼ iz
pidp
2a
dn1 þ pna i
nsum1m¼1b
1
m JnðbmdpÞ½ð1Þnð1þ iz þ DmÞ
expðibmzÞ þ ð1 iz þ DmÞ expðibmzÞ; ðB:4Þ
where bm = 2pm/a, Dm = [exp(bmb)  1]1; iz = 1 for Imz > 0 and
iz = 1 otherwise.The expressions (B.2) and (B.4) differ only by the convergence
area: the latter one converges absolutely everywhere in the layer
jImdpj < jImzj < b and thus either (B.2) or (B.4) can be taken as
the deﬁnition of t1p. For n > 1, all three deﬁnitions – (B.1), (B.2)
and (B.4) – are equivalent.
The periodic basis functions introduced in this way satisfy the
following periodicity conditions:
tnpðzþ aÞ  tnpðzÞ ¼ 0; tnpðzþ ibÞ  tnpðzÞ ¼ dn1dppi=b; ðB:5Þ
and possess a countable set of cuts centered in the points Zp + Lab.
The series (B.1) is term wise differentiable; hence tnp satisfy the La-
place equation and can be thought as the periodic complex
potentials.
In order to satisfy the boundary conditions at the cracks of qth
lattice, we need ﬁrst to ﬁnd the local expansion of tnp in terms of
tq. This expansion is easily obtained with aid of the re-expansion
formulas (A.3) discussed in Appendix A. We write it in the follow-
ing form:
tnðnpÞ ¼
X
k
ðgpqnk þ gpqnk ÞðtqÞk; ðB:6Þ
where
gpqnk ¼
X0
a;b
gpqnmðZpq þ LabÞ ðB:7Þ
and Zpq is understood here as a minimum distance between the
cracks of pth and qth lattices, with account for those belonging
to the adjacent cells: Zpq = min(Zq  Zp ± a ± ib). Then, the ﬁrst
term in (B.6) is computed using the formula (A.4). As to the sec-
ond one, given by the formula (B.7), we note that in the consid-
ered by us multiple crack cell model (N 
 100) the cell size
a Dp. Therefore, here the formula (A.6) applies: after some alge-
bra, we get
gpqnk ¼ nð1Þk
dp
2
 nX1
l¼0
dq
2
 kþ2l
MnklCðnþ kþ 2lÞRnþkþ2lðZpqÞ;
ðB:8Þ
where
RnðZpqÞ ¼
X0
a;b
ðZpq þ LabÞn ðB:9Þ
are the standard lattice sums written by Rayleigh (1892). They can
be computed in advance using, say, the Evald method or other rapid
summation technique (e.g., Golovchan et al., 1993; Berman and
Greengard, 1994; Movchan et al., 1997; among others). In view of
this fact, evaluation of the lattice sums (B.3) and (B.7) becomes a
rather routine task.References
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